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Abstract—As the use of electric motors increases in the
aerospace and transportation industries where operating conditions continuously change with time, fault detection in electric
motors has been gaining importance. Motor diagnostics in a nonstationary environment is difficult and often needs sophisticated
signal processing techniques. In recent times, a plethora of new
time–frequency distributions has appeared, which are inherently
suited to the analysis of nonstationary signals while offering superior frequency resolution characteristics. The Zhao–Atlas–Marks
distribution is one such distribution. This paper proposes the use
of these new time–frequency distributions to enhance nonstationary fault diagnostics in electric motors. One common myth has
been that the quadratic time–frequency distributions are not suitable for commercial implementation. This paper also addresses
this issue in detail. Optimal discrete-time implementations of some
of these quadratic time–frequency distributions are explained.
These time–frequency representations have been implemented on
a digital signal processing platform to demonstrate that the proposed methods can be implemented commercially.
Index Terms—Choi–Williams distribution (CWD), condition
monitoring, eccentricity, fault diagnosis, motors, rotor faults,
time–frequency analysis, Zhao–Atlas–Marks (ZAM).

I. I NTRODUCTION

F

AULT detection in electric motors operating under nonstationary operating conditions has been gaining importance
in recent times due to the fact that motors used in most applications, such as actuators in the aerospace and transportation
industries, operate under conditions that rapidly vary with time.
Such applications demand increased reliability from electric
motors, and motor condition monitoring can help improve
reliability by providing early warning of an impending fault
condition. Electric motors operating under continuously changing speed and load conditions have voltages and currents whose
frequency and amplitude are constantly changing. Diagnostics
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of motor faults under such conditions is a challenging problem
due to the need for the application of sophisticated signal
processing techniques that can process nonstationary signals.
Nonstationary signal analysis techniques have been applied to
track fault signatures in the stator current of motors operating
in such transient conditions where the motor’s speed and load
are continuously changing with time [1], [2]. The short-time
Fourier transform (STFT), which is a linear time–frequency
representation (TFR), is one such technique that has been
widely used due to its robustness and simplicity [1], [2]. The
STFT is however dependent on the type and length of the
window as it has to be chosen as a tradeoff between time and
frequency resolution.
Quadratic TFRs have been recently proposed as an alternative to STFT due to their independence from the choice or size
of the window and their inherent suitability to nonstationary
signals. The Wigner–Ville distribution (WVD) and its variants, particularly the smoothed pseudo-WVD (SPWVD), have
been suggested as possible choices [3], [4]. However, these
distributions come with their own drawbacks. They generate
interference terms called cross terms in addition to the original
frequency components (also called autoterms). These nonnegligible cross-term artifacts in the time–frequency spectrum can
interfere with the actual fault frequencies, thereby diminishing
the ability to precisely determine the severity of the fault.
Modifications to the WVD, namely, the SPWVD, attempt to
suppress the cross terms but at the cost of frequency resolution.
However, in recent times, there has been a plethora of
new time–frequency distributions that provide strong crossterm suppression while offering superior frequency resolution
characteristics. The Choi–Williams distribution (CWD) and the
Zhao–Atlas–Marks (ZAM) distribution are examples [5], [6].
There have also been new techniques to improve the readability
of traditional quadratic time–frequency distributions such as
the reassigned SPWVD. While [2]–[4] investigated the use
of time–frequency distributions in rotor fault detection under
continuously changing motor operating conditions, the focus
of this paper is to improve nonstationary fault diagnostics in
electric motors by exploring the use of these newer and more
recently developed time–frequency distributions. One common
myth has been that the quadratic time–frequency distributions are not suitable for commercial implementation. This
paper also addresses this issue in detail. Optimal discrete-time
implementations of some of these quadratic time–frequency
distributions are explained. These TFRs have been implemented on a digital signal processing (DSP) platform to
demonstrate that the proposed methods can be implemented
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TABLE I
SOME WELL-KNOWN TFRS AND THEIR KERNELS

function (GAF). Equation (1) can be rewritten in terms of the
GAF [8], i.e., GAF(ξ, t : ϕ), as follows:

1
GAF(t, ω : ϕ)e−j(ξt+τ ω) dξdτ (2)
D(t, ω, ϕ) =
4π 2
where the GAF is described by
∞ 
τ  −jξµ
τ ∗
f µ−
e
GAF(ξ, t : ϕ) = ϕ(ξ, τ )
f µ+
dµ
2
2
−∞

commercially. These algorithms are developed for automotive
applications where the use of a fast digital signal processor is
possible. The fault detection algorithms can also be integrated
into industrial adjustable-speed drives where sophisticated
digital signal processors/microprocessors are already present
for motion control. The processing times of these algorithms are
not excessively large due to the fast processors available today.
Moreover, in most motor diagnostics applications, latency is
typically not a concern as motor condition monitoring is performed over long intervals of time, which are usually every
30 min or 1 h.

II. Q UADRATIC TFR S FOR N ONSTATIONARY BLDC
M OTOR F AULT D IAGNOSTICS
Time–frequency analysis is the 3-D time, frequency, and amplitude representation of a signal, which is inherently suited to
indicate transient events in a signal. In 1966, Cohen developed
a generalized form of phase-space distribution from which all
other time–frequency distributions could be derived. These distributions are essentially energy distributions as they distribute
the energy of the signal over the two description variables: time
and frequency. As the energy is a quadratic function of the
signal, the Cohen class time–frequency energy distributions are
quadratic representations. These distributions can be used for
the analysis of true nonstationary signals without any underlying assumptions. The general form of the Cohen’s class of
distributions [or also called as the generalized time–frequency
distributions (GTFD)] for a signal f (t) is given by [7]

D(t, ω; ϕ) =

ej(ξµ−τ ω−ξt) ϕ(ξ, τ )

τ
τ ∗
×f µ+
f µ−
dµdτ dξ
2
2

(1)

where ϕ(ξ, τ ) is a kernel that defines the time–frequency transformation, t is the instantaneous time, and ω is the instantaneous frequency. τ , ξ, and µ are the running time, frequency,
and position variables used in the integration, respectively.
Table I depicts some well-known TFRs and their respective kernels, where h(τ ) is a time window (Gaussian, Hamming, etc.).
The choice of a time kernel appropriate to a specific application can be better explained through the generalized ambiguity

ϕ(ξ, τ )
=
2π



∞
F
−∞

ξ
ν+
2


F

∗



ξ
ν−
2


ejvτ dν.
(3)

In (2), the GTFD D(t, ω, ϕ) is the double Fourier transform
of GAF(ξ, t : ϕ). Thus, it can be seen that the GAF is the
dual of the GTFD in the sense of the Fourier transform. The
property of interest is the one relating to the interference
geometry. For a multicomponent signal, the elements of the
GAF corresponding to autoterms are mainly located around the
origin, whereas the interference components or cross terms are
located away from the origin, at a distance that is proportional
to the time–frequency distance between the autoterms.
Therefore, considering the continuously changing time–
frequency structure of the current signal in an electric machine,
the best suited time–frequency distribution is the one that
selects a region around the origin in the ambiguity domain
and reduces to zero away from the origin. The distributions,
which are also known as reduced interference distributions,
depend on the product of ξ and τ to provide this kind of
selection. Examples of these distributions are the CWD, the
Born–Jordan (BJ) distribution, and the ZAM or cone-shaped
distribution. The kernel functions for these distributions have
been recreated in the ambiguity domain through simulation and
appear in Fig. 1(a)–(c). This figure shows the spread of the
kernels over the cross terms and autoterms. The autoterms are
near the origin; however, the cross terms that are usually present
away from the origin are diminished by the kernels. The spread
of the ZAM kernel in Fig. 1(c) suppresses the cross terms more
effectively than the BJD and CWD kernels.
As mentioned before, the spectral content of the motor stator
current is changing, and although the reduced interference
distributions produce good results, a better approach would be
to use an adaptive optimal kernel [9]. The procedure is based
on the adaptation of a radial Gaussian kernel over a short-time
ambiguity function around the time instant of interest [9]. This
procedure is computationally more demanding since it requires
an additional adaptation step that fixed kernel distributions do
not have. In any case, the use of an adaptive kernel provides
information over the relative quality of the results provided by
the fixed kernel distributions.
III. R ECENT T IME –F REQUENCY K ERNELS
Several reduced interference distributions have since been
proposed, which are all a subset of the Cohen’s class. Some
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a large value, then the kernel is effectively one and results in
the WVD. A smaller σ, on the other hand, enhances the actual
frequency components in the signal (also termed as autoterms)
while suppressing the cross terms.
The ZAM distribution is a relatively new distribution [6].
While the emphasis on development of distributions such as
the CWD was to meet marginal conditions and other properties
[10], the development of the ZAM “cone kernel” was intended
to introduce finite time support and reduce cross terms [10]. The
kernel to be used in (1) to obtain a ZAM distribution is
ϕ(ξ, τ ) = ϕ1 (τ )

sin (ξ|τ |/a)
ξ/2

(5)

where ϕ1 (τ ) is a function to be specified (usually taken to be
equal to one), and a is greater than or equal to two. The coneshaped kernel function suppresses the cross terms away from
the vertical axis and the origin of the ambiguity function plane.
The BJ distribution is similar to the ZAM distribution. The
ZAM distribution is nothing but a BJ distribution (6) with finite
time support and is smoothed along the frequency axis
ϕ(ξ, τ ) =

sin(ξτ )
.
ξτ /2

(6)

IV. BLDC M OTOR F AULT D IAGNOSTICS
U SING Q UADRATIC TFR S
Quadratic time–frequency distributions explained in the previous section are now applied to extract nonstationary fault
frequency signatures from the electric motor (a brushless DC
motor (BLDCM) is used in this paper as an example) current by
using the well-known “motor current signature analysis” technique [11]. This technique is based on the fact that rotor faults,
such as dynamic eccentricity or unbalanced rotors, produce
unique characteristic fault frequency signatures in the motor
current spectra. For example, in BLDCMs operating at constant
speed, the dynamic eccentricity fault frequencies present in the
stator current are given by [12]
Fig. 1. Kernel function in the ambiguity domain for (a) the CWD, (b) the BJ
distribution, and (c) the ZAM distribution.

of these distributions are Margenau–Hill, Kirkwood–Rihaczek,
BJ, ZAM, and CWD [10].
The exponential kernel function or the Choi–William kernel
has the same dimensions as the ambiguity function. The exponential kernel function suppresses the cross terms away from
the horizontal and vertical axes. Therefore, the CWD reduces
the cross terms generated by two autoterms with different time
and frequency centers. The CWD has a coarser time–frequency
resolution than the WVD because the CWD also blurs the
autoterms whereas the WVD just reduces the cross terms. The
Choi–William exponential kernel is given as
ϕ(ξ, τ ) = e−ξ

2 2

τ /σ

(4)

where the parameter σ determines the tradeoff between the
cross-term suppression and the frequency resolution. If σ has

frf = fe ± k

fe
P/2

(7)

where frf is the rotor fault frequency, fe is the fundamental
frequency, P is the number of poles in the BLDC machine,
and k is any integer. These fault frequencies are also present
when the current is in a nonstationary state and are tracked
by using the proposed quadratic TFR-based detection algorithm shown in Fig. 2. The BLDC stator current is square
wave in nature and contains higher order power harmonics
(6n + 1, n = 1, 2, 3 . . .). Unwanted cross terms that may mask
motor fault frequencies may be created due to the interaction
of these harmonic frequencies. Hence, the acquired BLDC
stator current is first filtered adaptively by using an adaptive
tracking filter to remove the fundamental frequency and other
inverter harmonics. This selective adaptive filtering prevents
cross terms from being introduced at frequencies of interest.
The TFR spectrum of a real-valued signal has both positive
and negative frequency components, and this produces cross

738

IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 44, NO. 3, MAY/JUNE 2008

Fig. 3. STFT of simulated BLDCM rotor fault comprising of three frequencies varying over time.

current of a six-pole motor with dynamic eccentricity and is
modeled as a sum of three frequency components comprising of
the fundamental frequency p(t) and the two fault frequencies at
two-thirds and four-thirds of p(t). The fundamental frequency
has an amplitude of 0.05 amp (corresponding to a filtered stator
current) with the two rotor fault frequency components, each
having an amplitude of 0.07 amp. The amplitudes in (8) are
chosen arbitrarily to imitate a rotor fault scenario as closely as
possible
Fig. 2. Fault detection in BLDCMs using TFRs.

terms between those negative and positive frequencies. The
stator current, being a real-valued signal, suffers from this
problem. These cross terms can be eliminated by eliminating
the negative frequency terms. This is achieved by converting
the real-valued current signal into an analytic signal using a
Hilbert transformation [2], [3], [13]. The fault frequencies are
then extracted from this analytic signal by computing the ZAM
distribution (one and five). If needed, other TFRs such as the
CWD can be used instead of the ZAM distribution.
A simple fault metric is then calculated by computing the
root-mean-square (rms) value of the instantaneous amplitudes
of the extracted fault frequencies for a preselected band.
Several individual bands with their respective rms metrics can
be computed to separate multiple fault frequencies. This metric
is used to indicate a developing rotor fault. Thresholds can
be set to determine the severity of the fault and provide an
indication to the operator to take some necessary precautionary
action. The faults investigated in this paper are dynamic eccentricity and unbalanced rotors, although the proposed technique
can be extended to other faults such as bearing defects, broken
rotor bars in induction motors, and load defects.
V. E VALUATION OF S ELECTED
T IME –F REQUENCY K ERNELS
To illustrate the performance of the aforementioned signal
processing techniques, a test signal ia approximating a stator
current of a motor with a rotor fault is used. By assuming that
the fault is dynamic eccentricity, the fault frequencies in a sixpole motor occur at two-thirds and four-thirds of the fundamental frequency p(t). The test signal in (8) represents the stator

ia = 0.05 cos (2πp(t)t)
+ 0.07 cos (4πp(t)t/3) + 0.07 cos (8πp(t)t/3) .

(8)

A 1-s record with 2048 samples of this ia waveform is used
for comparing the various signal processing techniques. The
frequency p(t) is varied sinusoidally between 0 and 120 Hz as
in (9), as would typically occur in a BLDC nonstationary servo
motor application
p(t) = sin(2πf t),

where f = 120 Hz.

(9)

The Rice University Time–Frequency (t–f) Analysis toolbox
[13] for MATLAB is used to compute the Wigner distributions
for the simulated motor current signal. This toolbox has specific
functions tailor-made for time–frequency analysis. Fig. 3 shows
a spectrogram (STFT) of the signal ia , and it shows the varying
values in kilohertz of the three frequencies of (8) along the
Y -axis, as a function of time along the X-axis, for the 1-s data.
Darker zones in the spectrogram represent higher amplitudes.
The window h(τ ) of the spectrogram in Table I is chosen as a
Hamming window with a length of 0.25 s. The frequency resolution of the spectrogram is poor in the low-frequency region
as the three frequencies of (8) cannot be distinguished from
each other when the fundamental frequency drops below 60 Hz.
It can also be seen from Fig. 3 that the spectral components
produced by the STFT are smeared (or thick) in the frequency
domain. Hence, the fault frequencies are not sharply localized
but spread over a frequency range.
Fig. 4 shows the PWVD of the same test signal ia . The
frequencies are concentrated in a thin band indicating an excellent concentration of energy, but the presence of strong cross
terms may produce false fault alarms. The CWD in Fig. 5
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Fig. 7. ZAM of simulated BLDCM rotor fault comprising of three frequencies
varying over time.

on the other hand, shows good energy concentration (lowfrequency smear), excellent cross-term suppression, and much
better frequency resolution than the spectrogram of Fig. 3.
VI. BLDCM F AULT D IAGNOSTICS U SING Q UADRATIC
TFR S —E XPERIMENTAL R ESULTS

Fig. 5. CWD of simulated BLDCM rotor fault comprising of three frequencies varying over time.

Fig. 6. BJD of simulated BLDCM rotor fault comprising of three frequencies
varying over time.

(σ = 1) has better energy concentration than the STFT, but the
frequency resolution in the low-frequency region (below 50 Hz)
is compromised to obtain good cross-term suppression.
The BJ distribution of the same test signal, which is calculated by using the Rice University t–f toolbox, is shown
in Fig. 6. Even though the frequency resolution is very good
(all three frequencies are distinctly tracked), the distribution
still suffers from cross terms. The ZAM distribution in Fig. 7,

Experimental results are also obtained to demonstrate the
viability of using the CWD and ZAM distributions as tools
for nonstationary motor fault detection. A six-pole 12-V 1-kW
BLDCM with speed and current control is used in the experiments. One of the phase currents is sensed by using a Hall
current sensor. A high attenuation (56 dB) switch-capacitor
analog filter is used to adaptively filter out the fundamental
frequency and all harmonics that are larger than twice the
fundamental frequency, from the BLDC stator current prior to
the data acquisition. The filter is composed of a sixth-order
elliptic notch filter that attenuates the fundamental component
and an eighth-order Butterworth filter that removes all harmonics above two. Clocking for the filter is obtained from the
BLDCM’s Hall position sensors using a phase-locked loop that
tracks the fundamental frequency of current. The analog filter
was preferred over the digital filter due to the ease of implementation, as analog chip-level filter solutions are readily available
from many semiconductor manufacturers. The construction of
the filter is explained in detail in [2].
The hardware setup for the nonstationary motor operation
test, including the implementation of the dynamic eccentricity
and the unbalanced rotor, is explained in detail in [2]. The speed
reference of the BLDCM is varied sinusoidally or in a triangular
pattern of 0–15 Hz to obtain a nonstationary motor operation.
This frequency range adequately represents the nonstationarity
encountered in several practical applications, including those
encountered in transportation industries. The speed varies cyclically from 600 to 1800 r/min. The acquired data were sampled
at 2 kHz, and the signals are analyzed by using data slices of
length 4096 samples (approximately 2 s).
For a six-pole BLDCM, the main rotor fault frequencies for
both the dynamic eccentricity and the unbalanced rotor occur
at two-thirds and four-thirds times the fundamental frequency
[k = 1 in (7)]. Smaller harmonics at one-third and five-thirds
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Fig. 8. CWD of filtered BLDCM (with mechanical unbalanced rotor) stator
current and 3-Hz sine speed reference.

Fig. 10. ZAM of filtered BLDCM (with dynamic eccentricity) stator current
and 10-Hz triangular speed reference.

Fig. 9. ZAM of filtered BLDCM (with dynamic eccentricity) stator current
and 5-Hz sinusoidal speed reference.

Fig. 11. STFT of filtered BLDCM (with dynamic eccentricity) stator current
and 10-Hz triangular speed reference.

the fundamental frequency [k = 2 in (7)] may also exist. The
Rice University t–f toolbox [14] is again used to calculate
the TFRs of the filtered BLDC current signal. Fig. 8 shows
the CWD of the filtered stator current of an unbalanced
BLDCM operating with a 3-Hz sinusoidal speed reference.
The rotor unbalance was created by using an unbalanced disk
mounted on the motor shaft [2]. Some small fundamental
frequency components still exist because the adaptive filter used
for this experiment only had a limited attenuation (36 dB). The
fault frequencies are distinctly tracked in time.
Fig. 9 shows the ZAM distribution of the filtered stator
current of a dynamically eccentric BLDCM (32% dynamic airgap eccentricity) now operating with a 5-Hz sinusoidal speed
reference. The high attenuation (56 dB) adaptive notch filter is
used here, and hence, no fundamental component can be seen in
Fig. 9. Again, the ZAM distribution tracks the fault frequencies
distinctly over time. The ZAM distribution’s good frequency
resolution, sharp energy concentration, and ability to handle
nonstationary signals are important advantages in fast-changing
nonstationary signals. To demonstrate these advantages, the
ZAM distribution of the filtered stator current signal of the
same dynamically eccentric BLDCM (Fig. 10), operating with a
10-Hz triangular speed reference, is compared with the STFT
of the same signal (Fig. 11). This STFT is computed by using a

Hamming window with a size of 0.25 s. This length is obtained
through trial and error so as to obtain a good compromise
between the time and frequency resolutions for this problem
and the obtained experimental data. The ZAM distribution distinctly tracks the fault frequencies in the filtered stator current.
The ZAM energy concentration in Fig. 10 is sharp, and the
frequency resolution at low frequencies is better than in Fig. 11
for the STFT.
Similarly, the performance of the ZAM is studied at a more
stringent nonstationary condition. Fig. 12 shows the ZAM
distribution for the filtered stator current of a dynamically
eccentric BLDCM operating with a 15-Hz sinusoidal speed
reference. The fault frequencies are again distinctly tracked
over time. The frequency resolution and the energy concentration of the algorithm are better than those of the STFT. The
ZAM again distinguishes itself in its ability to resolve highly
nonstationary signals. Fig. 13 shows that as the nonstationarity
increases, the STFT suffers from more and more frequency and
time resolution problems even with carefully chosen window
types and length.
Fig. 14 shows a simple rms fault metric calculated for
both a good BLDCM and a faulty BLDCM with dynamic
eccentricity. This rms fault metric is obtained by calculating
the instantaneous rms value of the fault frequency amplitudes

RAJAGOPALAN et al.: NONSTATIONARY MOTOR FAULT DETECTION USING RECENT QUADRATIC TFRs

741

than the rms fault metric of a good motor. Fig. 14 also shows
that the adaptive threshold effectively discriminates the fault
over time when compared with a good motor.
VII. C OMMERCIAL I MPLEMENTATION OF Q UADRATIC
TFR S FOR BLDCM F AULT D IAGNOSTICS

Fig. 12. ZAM of filtered BLDCM (with dynamic eccentricity) stator current
and 15-Hz sinusoidal speed reference.

One common mistaken belief has been that the recent
quadratic TFRs are not suitable for commercial implementation
due to their complexity. The TFRs are implemented on an
ADSP21369-SHARC DSP operating with a 331.776-MHz core
clock, and the time taken for computing one time slice of
information is recorded by using an oscilloscope.
For a practical implementation of distribution members of
Cohen’s class, the generalized discrete-time discrete frequency
distribution (GDTDFD) is defined as [15]
D̂(l, θ; Φ̂) =

+∞


Rl (n)e−j2nθ

(10)

n=−∞

where D̂(l, θ; Φ̂) is the GDTDFD, l and θ are the discrete
equivalents of time and frequency, respectively, and Φ̂ is the
discrete kernel that defines the type of time–frequency distribution. Rl (n) is an autocorrelation of the data sequence s and is
given as
Rl (n) =

+∞


s(l + m + n)s∗ (l+m − n)Φ̂(m, 2n)

(11)

m=−∞

Fig. 13. STFT of filtered BLDCM (with dynamic eccentricity) stator current
and 15-Hz sinusoidal speed reference.

where m and n are similar to running time and frequency
variables. In practice, only a finite span in time of the signal
is available. Therefore, the aforementioned equations can be
practically realized by applying a sliding window to the signal
under analysis. Equations (10) and (11) can be rewritten as
D̃(l, θ; Φ̂) =

+N


Rl (n)e−j2nθ

(12)

n=−N

and
Rl (n) =

+M


sa (l+m+n)s∗a (l+m−n)Φ̂(m, 2n).

(13)

m=−M

Fig. 14. RMS fault indicator discriminates the BLDC rotor eccentricity using
an adaptive threshold (5-Hz sinusoidal speed reference).

extracted by using the ZAM distribution from the filtered
BLDCM stator current. In both of these cases (Fig. 14), the
BLDCM is operating with a 5-Hz sinusoidal speed reference.
An adaptive threshold that varies as a fixed percentage of the
fundamental frequency component (in this case, it is chosen as
2%) is used for the automatic detection of rotor faults. The rms
fault metric of the defective BLDCM is significantly different

In (13), sa (n) represents the analytic version of the original signal s(n). The analytic signal sa (n) has only positive
frequency components in the frequency spectrum, and thereby,
the use of this signal reduces any artifacts that may be created
due to the interaction of the positive and negative frequency
components that are present in the spectrum of the original realvalued signal. The analytic signal is defined as
sa (n) = s(n) + jH {s(n)}

(14)

where H{s(n)} is the Hilbert transform of the signal s(n).
The autocorrelation Rl (n) is first computed by using (13)
for a finite data sequence and kernel of lengths N and M ,
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TABLE II
COMPUTATION TIME FOR QUADRATIC TFR KERNELS (N = M = 64)

respectively. The length N is chosen based on the desired
frequency resolution, and the length M is selected based on
the shape of the kernel in the ambiguity domain and is dependent on the available memory and computational speed of
the data processor (usually a digital signal processor). The
time–frequency spectrum of the signal is then computed from
the discrete Fourier transform (DFT) of Rl (n). The DFT can be
efficiently computed by using standard fast Fourier transform
(FFT) algorithms. The computation is further optimized by
evaluating two successive Rl (n) sequences Rl1 (n) and Rl2 (n)
together [16] as
Rlcomb = Rl1 (n) + jRl2 (n).

(15)

The DFT of the individual sequences can be evaluated by
using a single DFT for the combined autocorrelation shown in
(15), thus halving the number of final FFTs used.
A. Implementation of ZAM, BJ, and CW Distributions
The time taken for the computation of the reduced interference distribution for one time slice of data is measured on an oscilloscope and is compared in Table II for N = M = 64 points.
The Hilbert filter for computing the analytic signal is implemented by using an 81-tap finite-impulse response filter. The
ZAM distribution is compared with the BJ, the CWD, and the
STFT. The amount of computation in the ZAM algorithm, for a
64-point FFT and a 64-point correlation window, is as follows.
The correlation matrix update requires (2∗ N = 128) additions
and (4∗ N = 256) products. The computation of the correlation
vector requires (2∗ N 2 = 8192) additions and (2∗ N 2 = 8192)
products. The computationally intensive part of the algorithm,
apart from the FFT, is the correlation computation.
The actual algorithm implementation uses the same operations for different kernels as specified by the discrete set of
equations, namely, (10)–(15). The computational time, which is
required by the DSP to compute the time–frequency spectrum
of one data sequence (of length 129 in this case) using this
set of discrete equations that define the GDTDFD and various
time–frequency kernels, is shown in Table II. The computational time required for processing the same data sequence
using the spectrogram (STFT) is also shown in Table II. The
practical implementation was carried out on an ADSP21369

with a 331.776-MHz core-clock DSP board. The computational
times for all the kernels are similar.
The algorithm can be further optimized for individual kernels. For example, the ZAM kernel is optimized by using a
circular matrix to compute the correlation matrix. The intricate
details of this implementation are beyond the scope of this
paper, but suffice it to say that the optimization makes use of
the symmetry in the distributions to reduce the computations
by half. The computational time measured for this optimization
is also shown in Table II. It is important to note that the results
in Table II are specifically for the data lengths specified (N =
M = 64). Changing the data length or the FFT length would
change the computational time.
The algorithm uses the following data arrays in computing a
time–frequency slice:
1)
2)
3)
4)

four N -point arrays for the FFT;
four N -point arrays for a complex signal Rl (n);
two (2N + 1) arrays for the analytic signal sa (n);
two (N + 1) ∗ (M + 1) matrices for holding a temporal
correlation information for computing (13).

The size of the data arrays remains the same for both the
generalized and the optimized implementations. Therefore, the
memory consumed also remains the same.

B. Critical Comparison of TFR-, Frequency-Domain-, and
Time-Domain-Based Methods
Most time-domain modeling techniques can effectively
model stationary stochastic models but cannot model nonstationary phenomena. In these cases, the signal may be separated into small windows, and the previously mentioned
time-domain techniques may be employed. However, accurate modeling is difficult due to the difficulties in modeling
and the choice of model order. Due to these complexities,
frequency/time–frequency-based methods are considered as
better options due to their ability to directly extract the fault
frequencies of interest. While frequency-domain-based methods such as the Fourier transform cannot be directly used on
nonstationary signals, simple adaptations such as the STFTs
can be used. Table II shows that the processing time of the
STFT (a linear time–frequency distribution) is smaller than that
of the quadratic TFRs. The STFTs also consume lesser memory
than quadratic TFRs. However, as shown in Figs. 10 and 11,
the frequency discrimination of the STFTs is poorer than the
quadratic TFRs. Therefore, in applications where nonstationary
behavior is severe and processing power is not constrained, the
quadratic TFRs are a better choice.

VIII. R EASSIGNED T IME –F REQUENCY D ISTRIBUTIONS
Another method of further improving the performance of
TFRs is the use of reassignment. In a reassigned SPWV, the
computed values of a regular SPWV are moved to an alternate
time–frequency plane depending on the instantaneous frequency and time delay [17]. The reassignment method automatically compresses the energy in the quadratic TFR toward the
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computational/memory capability of the DSP. Hence, the computational times presented in this paper for quadratic TFR
algorithms should not be a burden when integrated into a
commercial system. Therefore, it would be prudent to choose
the method that would provide the highest frequency and time
resolution. The computational time can be further decreased by
paralleling several microprogrammed systems and using more
optimized software algorithms as has been demonstrated in this
paper.
ACKNOWLEDGMENT

Fig. 15. Reassigned SPWV of filtered BLDCM (with dynamic eccentricity)
stator current and 5-Hz sinusoidal speed reference.

centers of gravity of the signal components to make the signal
components more concentrated. Fig. 15 shows the reassigned
SPWV of a part of the motor stator current signal shown in
Fig. 9 and shows much better frequency concentration than a
regular TFR.
IX. C ONCLUSION
This paper has presented the use of new advances in nonstationary signal analysis, particularly quadratic time–frequency
distributions, toward rotor fault detection in BLDCMs. Recent
distributions, such as the ZAM distribution, offer superior performance when compared with traditional techniques such as
the STFT. This was demonstrated through both simulation and
experimental results. The reason behind the good performance
of these distributions is that they are designed with an emphasis
on improving frequency/time resolution and cross-term suppression rather than on satisfying the marginal properties of a
traditional t–f distribution. The quadratic TFRs provide much
better frequency resolution and localization of energy with the
ZAM distribution exhibiting the best performance. In particular,
the CWD is a good tradeoff between the excellent frequency
resolution of the WVD and the high cross-term suppression of
the ZAM distribution. One of the most important advantages
of the quadratic distribution is that these distributions do not
depend on any parameter similar to the size or type of the
window as is the case for the spectrogram (STFT).
The detection of dynamic eccentricity and unbalanced rotor
in BLDCMs is specifically illustrated in this paper as an example. However, the proposed method can be extended to detect
other faults such as bearing faults, gear faults, and broken rotor
bars in induction motors.
A common belief is that these new distributions are too
complicated to be implemented in a commercial system due
to their perceived intense computational time. To address this
issue, the time–frequency distributions have been implemented
on a DSP platform. While the computational time for these
distributions is greater than for the conventional techniques
such as the STFT, this is not of a significant concern as
motor faults develop slowly and motor condition monitoring
is performed over long intervals of time. As a result, any
condition monitoring technique is usually not a burden on the
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(Delphi Saginaw Steering Systems) and Dr. B. Lequesne and
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